A partially insulated interface crack between a graded orthotropic coating and a homogeneous orthotropic substrate under heat flux supply  by Zhou, Yueting et al.
International Journal of Solids and Structures 47 (2010) 768–778Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rA partially insulated interface crack between a graded orthotropic coating
and a homogeneous orthotropic substrate under heat ﬂux supply
Yueting Zhou a,b,*, Xing Li b, Dehao Yu a
a LSEC, ICMSEC, Academy of Mathematics and Systems Science, CAS, Beijing 100190, China
b School of Mathematics and Computer Science, Ningxia University, Yinchuan 750021, China
a r t i c l e i n f oArticle history:
Received 24 April 2009
Received in revised form 15 October 2009
Available online 22 November 2009
Keywords:
Orthotropic functionally graded materials
(FGMs)
Heat ﬂux
Thermal resistance
Higher order asymptotic expansion
Stress intensity factors (SIFs)0020-7683/$ - see front matter  2009 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2009.11.009
* Corresponding author. Tel.: +86 10 62553888; fax
E-mail address: zhouyueting@yeah.net (Y. Zhou).a b s t r a c t
In this paper, thermal response of an orthotropic functionally graded coating-substrate structure with a
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ciency of the numerical integrals. Numerical results are presented to show the effects of the orthotropy
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The concept of functionally graded materials (FGMs) has been
introduced in coating design as an alternative to the conventional
coatings. FGMs are quite effective in reducing the residual and
thermal stresses and in enhancing the bonding strength due to
their continuously varying features of material properties. The
development of FGMs in recent years has demonstrated that they
have great potential in a wide range of thermal structures in
advanced aircraft and aerospace engines, medical devices and
computer integrated circuits (Suresh and Mortensen, 1998; Watari
et al., 2004; Xu et al., 2008; Guo et al., 2008).
In order to optimize the design of FGM components, many
scholars have devoted signiﬁcant efforts to the study of fracture
behavior of FGMs (Delale and Erdogan, 1983; Erdogan, 1995; Chen
and Erdogan, 1996; Choi, 1996; Choi et al., 1998; Dag and Erdogan,
2002; Zhou et al., 2004; Ma et al., 2005; Wang et al., 2005; Yao
et al., 2007; Guo and Noda, 2008; Yang et al., 2008). In order to
guarantee FGM coatings’ reliable applications in high temperature
environments, knowledge on the thermal fracture behavior of FGM
coatings is required. A number of crack problems in FGMs were
solved by considering thermal loading (Noda and Jin, 1993;
Erdogan and Wu, 1996; Jin and Batra, 1996; Noda, 1997; Jin and
Paulino, 2001; Wang et al., 2002; El-Borgi et al., 2003, 2004; Jin
and Feng, 2008). These studies are carried out for isotropic FGMs.ll rights reserved.
: +86 10 62542285.FGMs are seldom isotropic due to the nature of their processing
techniques, such as the plasma spray technique (Sampath et al.,
1995) and the electron beam physical vapor deposition technique
(Kaysser and Ilschner, 1995). Thus, in the fracture analyses, graded
materials are modeled as orthotropic with principal directions par-
allel and perpendicular to the boundaries. Using the integral trans-
formation technique and the integral equation method, various
scholars solved the static (Ozturk and Erdogan, 1997, 1999; Dag
et al., 2004) and transient (Li et al., 1999; Chen et al., 2002; Feng
et al., 2003; Chen and Liu, 2005) crack problems of orthotropic
functionally graded media by taking into account only mechanical
loading. Using ﬁnite elements and themodiﬁed crack closuremeth-
od, Kim and Paulino (2002) investigated mixed-mode fracture of
orthotropic functionally graded materials under purely mechanical
loading. On the other hand, there are a fewanalyses for thermo-elas-
tic problemsof orthotropic functionally gradedmaterials. Ootao and
Tanigawa (2005) analyzed the transientproblemof thermoelasticity
involving an uncracked orthotropic functionally graded strip. Chen
et al. (2004) considered the static crack problem of an orthotropic
functionally graded strip under steady-state thermal loading. Chen
(2005) obtained thermal static stress intensity factors for an inter-
face crack in a graded orthotropic coating-substrate structure using
the singular integral equation method and the element-free Galer-
kin method. Dag (2006) formulated the equivalent domain integral
to investigate the thermal fracture problem of orthotropic function-
ally gradedmaterials subjected tomode I thermal stresses. Recently,
Zhou et al. (2007) obtained the stress intensity factors of orthotropic
functionally graded strips subjected to transient thermal stresses.
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ally gradedmaterials, however, treated the thermo-elastic problems
for graded media with speciﬁed temperatures at the boundaries.
Further more the crack surfaces were assumed to be insulated. To
the author’s knowledge, the analysis of an orthotropic functionally
graded coating-substrate structure with a partially insulated inter-
face crack subjected to heat ﬂux has not been reported.
In this paper, a partially insulated interface crack problem of an
orthotropic functionally graded coating-orthotropic homogeneous
substrate structure subjected to heat ﬂux supply is considered.
The temperature drop across the crack surfaces is modeled by
introducing the thermal resistance concept. Under the assumption
that the thermo-elastic effects are negligible, the uncoupled gov-
erning equations for the temperature ﬁelds and displacement
ﬁelds are reduced to a system of singular integral equations (El-
Borgi et al., 2003, 2004). The asymptotic expansions with higher
order terms for the singular integral kernels are considered to im-
prove the accuracy and the convergence efﬁciency. Numerical re-
sults are presented to show the inﬂuences of the orthotropy
parameters, nonhomogeneity parameters of material properties
(i.e. the elastic modulus, the thermal expansion coefﬁcient and
the thermal conductivities), and the dimensionless thermal resis-
tance on the temperature distribution and the thermal stress
intensity factors (SIFs).
2. Heat conduction
As shown in Fig. 1, a partially insulated interface crack with its
length being 2c exists between the graded orthotropic strip of
thickness b and the homogeneous orthotropic strip of thickness
a. The composite media is subjected to a steady-state heat ﬂux
applied in y-direction away from the crack region.
The thermal conductivities for the graded orthotropic coating
are deﬁned as
kð1Þx ; k
ð1Þ
y
 
¼ kð2Þx ; kð2Þy
 
expðdy=cÞ ð1Þ
where kð2Þx ; k
ð2Þ
y are the thermal conductivities for the homogeneous
orthotropic substrate, d is an arbitrary nonzero constant.
Let Tj ðj ¼ 1;2Þ be the temperatures. The constitutive relation of
heat conduction can be written as
o
ox
kðjÞx
oTj
ox
 
þ o
oy
kðjÞy
oTj
oy
 
¼ 0; j ¼ 1;2 ð2ÞFig. 1. Geometry and thermal loading of the interface crack problem.where subscripts and superscripts j ¼ 1;2 refer to the coating and
the substrate, respectively.
The thermal boundary conditions of the structure are given as
follows:
kð1Þy
oT1ðx; bÞ
oy
¼ Q0; jxj < þ1 ð3Þ
kð2Þy
oT2ðx;aÞ
oy
¼ Q0; jxj < þ1 ð4Þ
kð1Þy ð0Þ
oT1ðx;0þÞ
oy
¼ kð1Þy ð0Þ
oT1ðx;0Þ
oy
¼ 1
Rc
ðT1ðx;0þÞ  T2ðx;0ÞÞ; jxj 6 c ð5Þ
T1ðx;0þÞ ¼ T2ðx;0Þ; jxj > c ð6Þ
oT1ðx;0þÞ=oy ¼ oT2ðx; 0Þ=oy; jxj < þ1 ð7Þ
Eqs. (3) and (4) represent the applied heat ﬂux (El-Borgi et al.,
2003, 2004) away from the crack region. Eq. (5) indicates the tem-
perature drop across the crack surfaces is contributed by the ther-
mal resistance Rc in the heat conduction through the crack region.
With respect to Eq. (1), Eq. (2) can be written as following
dimensionless form:
k10
o2T1
ox2
þ d oT1
oy
þ o
2T1
oy2
¼ 0; 0 < y 6 b ð8Þ
k10
o2T2
ox2
þ o
2T2
oy2
¼ 0; a 6 y 6 0 ð9Þ
where
k10 ¼ kð2Þx
.
kð2Þy ð10Þ
In expressions (8) and (9), following dimensionless variables are
deﬁned:
x; y; a; b
  ¼ ðx; y; a; bÞ=c; T1; T2  ¼ ðT1; T2Þ Q0c kð2Þy. . ð11Þ
For the graded orthotropic coating and the homogeneous ortho-
tropic substrate, the dimensionless temperature, T1 x; yð Þ and
T2 x; yð Þ can be expressed as
T1 x; yð Þ ¼ T11ðyÞ þ T12 x; yð Þ; T2 x; yð Þ ¼ T21ðyÞ þ T22 x; yð Þ ð12Þ
where T11ðyÞ and T21ðyÞ satisfy following equations and boundary
conditions in dimensionless form:
d2T11ðyÞ
dy2
þ d dT11ðyÞ
dy
¼ 0; 0 < y 6 b; d
2T21ðyÞ
dy2
¼ 0; a 6 y 6 0
ð13Þ
dT11ðbÞ
dy
¼ edb; dT21ðaÞ
dy
¼ 1 ð14Þ
T11ð0þÞ ¼ T21ð0Þ; dT11ð0
þÞ
dy
¼ dT21ð0
Þ
dy
ð15Þ
and T12 x; yð Þ and T22 x; yð Þ are subjected to following relations:
k10
o2T12 x; yð Þ
ox2
þ o
2T12 x; yð Þ
oy2
þ d oT12 x; yð Þ
oy
¼ 0; 0 < y 6 b ð16Þ
k10
o2T22 x; yð Þ
ox2
þ o
2T22 x; yð Þ
oy2
¼ 0; a 6 y 6 0 ð17Þ
oT12 x; b
 
oy
¼ 0; oT22 x;að Þ
oy
¼ 0; jxj < þ1 ð18Þ
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þ 
oy
þ dT11ð0
þÞ
dy
¼ Bi  T12 x;0þ
  T22 x; 0ð Þ ; jxj 6 1
ð19Þ
T12 x;0
þ  ¼ T22 x;0ð Þ; jxj > 1;
oT12 x;0
þ 
oy
¼ oT22 x;0
ð Þ
oy
; jxj < þ1 ð20Þ
In Eq. (19), the quantity Bi ¼ c kð1Þy ð0Þ
. .
Rc is the dimensionless
thermal resistance. It is the ratio of the resistance c
kð1Þy ð0Þ
due to FGMs
heat conduction at y ¼ 0 to crack region thermal resistance Rc . The
limiting values Bi! 0 and Bi!1 represent perfect insulation
and perfect conduction along the crack surfaces, respectively.
It is easy to ﬁnd from Eqs. (13)–(15) that
T11ðyÞ ¼ 1 e
dy
d
; 0 < y 6 b
T21ðyÞ ¼ y; a 6 y 6 0
ð21Þ
By using Fourier transform in x, the solutions of Eqs. (16) and
(17) are obtained
T12 x; yð Þ ¼
Z 1
1
A1ðxÞen1y þ A2ðxÞen2y
 
eixx dx; 0 < y 6 b
T22 x; yð Þ ¼
Z 1
1
B1ðxÞen1y þ B2ðxÞen2y
 
eixx dx; a 6 y 6 0
ð22Þ
where AjðxÞ and BjðxÞ ðj ¼ 1;2Þ are unknown functions,
n1; n2 and k1; k2 are the roots of the following characteristic poly-
nomials, respectively:
n2 þ d  n k10 x2 ¼ 0; n1;2 ¼  d2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2
4
þ k10 x2
s
; 0 < y 6 b
ð23Þ
k2  k10 x2 ¼ 0; k1;2 ¼ 
ﬃﬃﬃﬃﬃﬃﬃ
k10
q
jxj; a 6 y 6 0 ð24Þ
Following density function is introduced:
uðxÞ ¼ o
ox
T1ðx;0Þ  T2ðx;0Þ
	 
 ¼ o
ox
T21ðx;0Þ  T22ðx;0Þ
	 
 ð25Þ
The single-value condition isZ 1
1
uðsÞds ¼ 0; uðxÞ ¼ 0; jxj > 1 ð26Þ
Considering the conditions (18) and (20), the unknown func-
tions AjðxÞ and BjðxÞ ðj ¼ 1;2Þ can be expressed by uðxÞ as
A1 ¼ n2e
n2b ek2a  ek1að Þ
QðxÞ
i
2px
Z 1
1
uðxÞeixx dx
A2 ¼ n1e
n1b ek2a  ek1að Þ
QðxÞ
i
2px
Z 1
1
uðxÞeixx dx
B1 ¼ 
k2ek1a en2
b  en1b
 
QðxÞ
i
2px
Z 1
1
uðxÞeixx dx
B2 ¼
k1ek2a en2
b  en1b
 
QðxÞ
i
2px
Z 1
1
uðxÞeixx dx
ð27Þ
where QðxÞ is given in Appendix A.
Considering the remaining boundary condition (19), we obtain
following integral equation in which the unknown function isuðxÞ:
lim
y!0
Z þ1
1
Z 1
0
Kðx; yÞ sin x s xð Þ½ uðsÞdsdx ¼ 2p ð28Þ
where the kernel Kðx; yÞ is given in Appendix A.It can be easily veriﬁed that Kðx;0Þ in Eq. (28) is bounded as x
goes to zero, while diverges as x goes to inﬁnity. The domain part
of the kernel can be separated accounting for the asymptotic anal-
ysis of Kðx;0Þ. As x approaches inﬁnity, following asymptotic
expression of Kðx; 0Þ can be obtained:
Kð1Þðx;0Þ ¼ að0Þ þ a
ð1Þ
x
þ a
ð3Þ
x3
þ a
ð5Þ
x5
þ    þ a
ð11Þ
x11
þ a
ð13Þ
x13
þ a
ð15Þ
x15
þ O 1
x16
 
ð29Þ
where the superscript (1) represents the asymptotic expansion as
x!1, aðjÞ ðj ¼ 0;1;3; . . . ;15Þ are expressions of Bi; d and k10, the
leading term að0Þ ¼
ﬃﬃﬃﬃﬃﬃﬃ
k10
p
, others are given in Appendix A.
After separating the singular part of the kernel and making use
of the Fourier representation of a generalized functionZ 1
1
signðsÞeis sxð Þ ds ¼ 2i
s x ð30Þ
where sign() is the signum function and i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
, following Cau-
chy-type singular integral equation can be obtained:Z þ1
1
ﬃﬃﬃﬃﬃﬃﬃ
k10
p
s x þ h x; sð Þ
 !
uðsÞds ¼ 2p ð31Þ
where
h x; sð Þ ¼
Z A0
0
Kðx;0Þ  að0Þ  a
ð1Þ
x
 
sin x s xð Þ½ dx
þ
Z 1
A0
Kðx;0Þ  Kð1Þðx;0Þ
 
sin x s xð Þ½ dx
þ
Z 1
A0
Kð1Þðx; 0Þ  að0Þ  a
ð1Þ
x
 
sin x s xð Þ½ dx
þ p
2
að1Þsign s xð Þ ð32Þ
where A0 is an integration cut-off point. The ﬁrst integral in the
right-hand side of Eq. (32) can be computed numerically using
Gauss-Quadrature technique and the second integral becomes neg-
ligible for sufﬁciently large value of A0 (Dag, 2001). The third inte-
gral in the right-hand side of Eq. (32) is evaluated in closed form,
the formulae used to evaluate this integral are given in Appendix B.
Eq. (31) can be solved numerically (Erdogan and Wu, 1996), its
solution can be expressed as
uðsÞ ¼ RðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ; RðsÞ ¼
XN
n¼1
anTnðsÞ ð33Þ
where Tn are Chebyshev polynomials of the ﬁrst kind.
A system of linear algebraic equations can be obtained by using
Gauss–Chebyshev formula
XN
l¼1
ﬃﬃﬃﬃﬃﬃﬃ
k10
p
fl  sm
þ hðsm; flÞ
" #
RðflÞ
N
¼ 2p
XN
l¼1
RðflÞ
N
¼ 0
ð34Þ
where
fl ¼ cos
2l 1
2N
p
 
ðl ¼ 1; . . . ;NÞ;
sm ¼ cos mN p
 
ðm ¼ 1; . . . ;N  1Þ ð35Þ3. Displacement ﬁeld
We now analyze the thermal stress of the composite media,
plane stress state is considered. The stresses in dimensionless form
can be expressed as follows:
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ouj
ox
þ CðjÞ12
ov j
oy
 hðjÞ1 Tj
rjyy ¼ CðjÞ12
ouj
ox
þ CðjÞ22
ov j
oy
 hðjÞ2 Tj; j ¼ 1;2
rjxy ¼ CðjÞ66
ouj
oy
þ ov j
ox
  ð36Þ
where
hðjÞ1 ¼ CðjÞ11aðjÞxx þ CðjÞ12aðjÞyy
hðjÞ2 ¼ CðjÞ12aðjÞxx þ CðjÞ22aðjÞyy; j ¼ 1;2
CðjÞ66 ¼ GðjÞxy
ð37Þ
where subscripts and superscripts j ¼ 1;2 correspond to the graded
orthotropic coating and the homogeneous orthotropic substrate,
respectively.
The elastic stiffness coefﬁcients and the coefﬁcients of the linear
thermal expansion in dimensionless form are modeled to take the
following forms:
Cð1Þ11 ;C
ð1Þ
12 ;C
ð1Þ
22 ; C
ð1Þ
66
 
¼ Cð2Þ11 ;Cð2Þ12 ; Cð2Þ22 ;Cð2Þ66
 
expðbyÞ
að1Þxx ; a
ð1Þ
yy
 
¼ að2Þxx ; að2Þyy
 
expðcyÞ
ð38Þ
where superscripts 1,2 refer to the graded orthotropic coating and
the homogeneous orthotropic substrate, respectively, b and c are
graded parameters. In Eq. (38), elastic stiffness coefﬁcients in
dimensionless form can be represented by the Young’s moduli
and the Poisson’s ratios as
Cð2Þ11 ¼
Eð2Þxx
1 myxmxy ; C
ð2Þ
22 ¼
Eð2Þyy
1 myxmxy ; C
ð2Þ
12 ¼
Eð2Þyy mxy
1 myxmxy ð39Þ
where mij are the Poisson’s ratios and assumed to be constant.
Substituting Eq. (38) into Eq. (37), following can be obtained:
hð1Þ1 ¼ hð2Þ1 exp ðbþ cÞy½  ð40Þ
hð1Þ2 ¼ hð2Þ2 exp ðbþ cÞy½  ð41Þ
Following dimensionless values are used in expressions (36)–
(41):
rjab ¼ rjab E0Q0a0c kð2Þy
. .
; ðj ¼ 1;2; a;b ¼ x; yÞ
að1Þij ; a
ð2Þ
ij
 
¼
að1Þij ;a
ð2Þ
ij
 
a0
; ði; j ¼ x; yÞ
uj; v j
  ¼ ðuj;v jÞ Q0a2c2 kð2Þy. . ; ðj ¼ 1;2Þ
Eð2Þxx ; E
ð2Þ
yy
 
¼
Eð2Þxx ; E
ð2Þ
yy
 
E0
; Cð1Þij ;G
ð1Þ
66 ;C
ð2Þ
ij ;G
ð2Þ
66
 
¼
Cð1Þij ;G
ð1Þ
66 ;C
ð2Þ
ij ;G
ð2Þ
66
 
E0
; ði; j ¼ 1;2Þ ð42Þ
where a0 and E0 are the typical values of the coefﬁcient of linear
thermal expansion and the Young’s modulus of elasticity for the
homogeneous orthotropic substrate, respectively. Eð2Þxx ; E
ð2Þ
yy are
Young’s moduli for the homogeneous orthotropic substrate,
respectively.
Substituting Eqs. (36), (38), (40) and (41) into the equilibrium
equations
orjxx
ox
þ orjxy
oy
¼ 0; orjxy
ox
þ orjyy
oy
¼ 0; ðj ¼ 1;2Þ ð43Þ
the displacement equations of equilibrium for the graded orthotro-
pic coating and the homogeneous orthotropic substrate are written
asCð2Þ11
o2u1
ox2
þ Cð2Þ66
o2u1
oy2
þ Cð2Þ12 þ Cð2Þ66
  o2v1
oxoy
þ bCð2Þ66
ou1
oy
þ ov1
ox
 
¼ hð2Þ1 ecy
oT1
ox
Cð2Þ22
o2v1
oy2
þ Cð2Þ66
o2v1
ox2
þ Cð2Þ12 þ Cð2Þ66
  o2u1
oxoy
þ b Cð2Þ12
ou1
ox
þ Cð2Þ22
ov1
oy
 
¼ hð2Þ2 ecy ðbþ cÞT1 þ
oT1
oy
" #
0 < y 6 b ð44Þ
Cð2Þ11
o2u2
ox2
þ Cð2Þ66
o2u2
oy2
þ Cð2Þ12 þ Cð2Þ66
  o2v2
oxoy
¼ hð2Þ1 ecy
oT2
ox
ð45Þ
Cð2Þ22
o2v2
oy2
þ Cð2Þ66
o2v2
ox2
þ Cð2Þ12 þ Cð2Þ66
  o2u2
oxoy
¼ hð2Þ2 ecy
oT2
oy
 a 6 y 6 0
The mechanical boundary conditions are
r1xy x;0þ
  ¼ r2xy x; 0ð Þ ¼ 0; jxj 6 1 ð46Þ
r1yy x;0þ
  ¼ r2yy x; 0ð Þ ¼ 0; jxj 6 1 ð47Þ
r2xy x;að Þ ¼ r2yy x;að Þ ¼ 0; jxj <1 ð48Þ
r1xy x; b
  ¼ r1yy x; b  ¼ 0; jxj < 1 ð49Þ
r1xy x;0þ
  ¼ r2xy x; 0ð Þ; r1yy x;0þ  ¼ r2yy x;0ð Þ; jxj > 1 ð50Þ
u1 x; 0
þ  ¼ u2 x; 0ð Þ; v1 x; 0þ  ¼ v2 x;0ð Þ; jxj > 1 ð51Þ
By using the standard Fourier transforms to Eq. (44), following
results for the displacement ﬁelds for the graded orthotropic coat-
ing are obtained:
u1 ¼
Z 1
1
X4
j¼1
Cjemj
yeixx dxþ
Z 1
1
X2
j¼1
Að1Þ1j Aje
ðcþnjÞyeixx dx
v1 ¼
Z 1
1
X4
j¼1
Cjs
ð1Þ
j e
mjyeixx dx
þ
Z 1
1
X2
j¼1
Að1Þ2j Aje
ðcþnjÞyeixx dxþ B11ecy
þ B12eðcdÞy 0 < y 6 b ð52Þ
where sð1Þj ðj ¼ 1; . . . ;4Þ, Að1Þij ði; j ¼ 1;2Þ; B11 and B12 are given in
Appendix A. mj ðj ¼ 1; . . . ;4Þ are the roots of the characteristic
equation
m4 þ 2bm3 þ ðb2 þ D1Þm2 þ bD1mþ D2 ¼ 0 ð53Þ
with
D1 ¼x2
Cð2Þ12
 2
Cð2Þ22 C
ð2Þ
66
C
ð2Þ
11
Cð2Þ66
þ2C
ð2Þ
12
Cð2Þ22
0
B@
1
CA; D2 ¼x4Cð2Þ11
Cð2Þ22
þx2b2 C
ð2Þ
12
Cð2Þ22
ð54Þ
m1 ¼ 12 b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b22D1þ2
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ðD1Þ24D2
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m2 ¼ 12 b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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ð55Þ
m3 ¼ 12 bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b22D1þ2
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qr !
m4 ¼ 12 bþ
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results for the displacement ﬁelds for the homogeneous orthotro-
pic substrate are obtained:
u2 ¼
Z 1
1
X4
j¼1
Cjþ4egj
yeixx dx
þ
Z 1
1
X2
j¼1
Að2Þ1j Bje
ðcþkjÞyeixx dx  a < y 6 0
v2 ¼
Z 1
1
X4
j¼1
Cjþ4s
ð2Þ
j e
gjyeixx dx
þ
Z 1
1
X2
j¼1
Að2Þ2j Bje
ðcþkjÞyeixx dxþ h
ð2Þ
2
2Cð2Þ22
y2 þ B11 þ B12 ð56Þ
where sð2Þj ðj ¼ 1; . . . ;4Þ, Að2Þij ði; j ¼ 1;2Þ are given in Appendix
A.gj ðj ¼ 1; . . . ;4Þ are the roots of the characteristic equation
g4 þ D3m2 þ D4 ¼ 0 ð57Þ
with
D3 ¼ D1; D4 ¼ x4Cð2Þ11 Cð2Þ22
.
ð58Þ
g1;2 ¼ 
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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Substituting Eqs. (21), (22), (52) and (56) into Eq. (36), the stres-
ses ﬁelds for the graded orthotropic coating and the homogeneous
orthotropic substrate are given as
r1yy=e
by ¼
Z 1
1
X4
j¼1
pð1Þj Cje
mjyeixx dx
þ
Z 1
1
X2
j¼1
qð1Þj Aje
ðcþnjÞyeixx dx
r1xy=e
by ¼
Z 1
1
X4
j¼1
rð1Þj Cje
mjyeixx dx
þ
Z 1
1
X2
j¼1
tð1Þj Aje
ðcþnjÞyeixx dx; 0 < y 6 b ð60Þ
r2yy ¼
Z 1
1
X4
j¼1
pð2Þj Cjþ4e
gjyeixx dx
þ
Z 1
1
X2
j¼1
qð2Þj Bje
ðcþkjÞyeixx dx
r2xy ¼
Z 1
1
X4
j¼1
rð2Þj Cjþ4e
gjyeixx dx
þ
Z 1
1
X2
j¼1
tð2Þj Bje
ðcþkjÞyeixx dx; a < y 6 0 ð61Þ
where known functions pð1Þj ; r
ð1Þ
j ; p
ð2Þ
j ; r
ð2Þ
j ðj ¼ 1; . . . ;4Þ and qð1Þj ;
tð1Þj ; q
ð2Þ
j ; t
ð2Þ
j ðj ¼ 1;2Þ are given in Appendix A.
Introducing two density functions
u1ðxÞ ¼
o
ox
u1 x; 0
þ  u2 x; 0ð Þ	 

u2ðxÞ ¼
o
ox
v1 x;0þ
  v2 x;0ð Þ	 
 ð62Þ
which satisfy the following single-value conditions:Z 1
1
u1ðsÞds ¼ 0;
Z 1
1
u2ðsÞds ¼ 0 ð63Þ
Considering the mechanical boundary conditions (48)–(51),
Cj ðj ¼ 1; . . . ;8Þ can be expressed in terms of the density functions
u1ðxÞ; u2ðxÞ as following form:
Cj ¼ ð1Þ1þj ðG1 þ F1ÞD1jD  ðG2 þ F2Þ
D2j
D
þ G3 D3jD

 G4 D4jD þ G5
D5j
D
 G6 D6jD þ G7
D7j
D
 G8 D8jD

ð64Þ
where D is the determinant of matrix of the system of linear alge-
braic equations which is given in Appendix A, and Dijði; j ¼
1; . . . ;8Þ is the sub-determinant of the same matrix corresponding
to the elimination of the ith row and jth column. F1; F2 are given by
FjðxÞ ¼ i2px
Z 1
1
ujðxÞeixx dx; ðj ¼ 1;2Þ ð65Þ
Applying the boundary conditions (46) and (47), we obtain the
following integral equations:
lim
y!0
Z 1
1
X2
j¼1
kijðx; y;gÞujðgÞdg
( )
¼ 2p xTi ðxÞ; ði ¼ 1;2Þ ð66Þ
The kernels of Eq. (66) are given as
kij x; y;uð Þ ¼
R1
0 Kijðx; yÞ sinðxðu xÞÞdx; ði ¼ jÞR1
0 Kijðx; yÞ cosðxðu xÞÞdx; ði–jÞ
(
; ði; j ¼ 1;2Þ
ð67Þ
where Kijðx; yÞ ði; j ¼ 1;2Þ are given in Appendix A.
The terms xT1ðx; pÞ and xT2ðx; pÞ in the right-hand side of Eq.
(66) are crack surface equivalent tangential and normal stresses
caused by the temperatures, which are given by
xT1ðxÞ ¼
Z 1
1
X8
j¼1
ð1Þj rð2Þ1
Dj5
D
 rð2Þ2
Dj6
D
þ rð2Þ3
Dj7
D
 rð2Þ4
Dj8
D
 
Gjeix
x dx

Z 1
1
X2
j¼1
Bjt
ð2Þ
j e
ixx dx ð68Þ
xT2ðxÞ¼
Z 1
1
X8
j¼1
ð1Þj pð2Þ1
Dj5
D
pð2Þ2
Dj6
D
þpð2Þ3
Dj7
D
pð2Þ4
Dj8
D
 
Gjeix
xdx

Z 1
1
X2
j¼1
Bjq
ð2Þ
j e
ixx dx ð69Þ
The domain parts of the kernels can be separated by taking the
asymptotic analysis of Kijðx;0Þ. Asx approaches inﬁnity, following
asymptotic expressions of Kðx;0Þ can be obtained:
Kð1Þij ðx;0Þ ¼ að0Þij þ
að1Þij
x
þa
ð2Þ
ij
x2
þa
ð3Þ
ij
x3
þ þa
ð9Þ
ij
x9
þO 1
x10
 
; ði; j¼ 1;2Þ
ð70Þ
where the superscript (1) represents the asymptotic expansion as
x!1, aðmÞij ði; j ¼ 1;2; m ¼ 0;1;2; . . . ;9Þ are lengthy functions of
thermo-elastic parameters, and they are not reproduced here. In
the numerical process, these parameters are constants, it is very
easy to give the values of aðmÞij . We note that the leading terms
að0Þ11 ¼ v1; að0Þ12 ¼ 0; að0Þ21 ¼ 0; að0Þ22 ¼ v2.
Extracting the singular terms by using Eq. (70), and considering
the formula (30), Eq. (66) are rearranged as the following singular
integral equations:
Fig. 2. Normalized temperatures T x; 0þ
 
=T0 and T x;0
ð Þ=T0 T0 ¼ Q0c kð2Þy
. 
along
the insulated crack surfaces and the extended line in a graded isotropic of ﬁnite
thickness and a semi-inﬁnite homogeneous isotropic substrate structure, b=c ¼ 1;
d=c ¼ 1
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1
v1
s xþ H11 x; sð Þ
h i
u1ðsÞ þ H12 x; sð Þu2ðsÞ
n o
ds ¼ 2p xT1ðxÞZ 1
1
H21 x; sð Þu1ðsÞ þ
v2
s xþ H22 x; sð Þ
h i
u2ðsÞ
n o
ds ¼ 2p xT2ðxÞ
ð71Þ
where the functions Hijði; j ¼ 1;2Þ are the Fredholm kernels and are
given as follows:
Hij x; sð Þ ¼
Z Aij
0
Kijðx;0Þ  að0Þij 
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x
 !
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Hij x; sð Þ ¼
Z Aij
0
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 
cos x s xð Þ½ dx
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Z 1
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 !
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ð73Þ
where signðÞ is signum function, c0 ¼ 0:57721566490 is the Euler’s
constant, Aij ði; j ¼ 1;2Þ are integration cut-off points, which are
arbitrary positive real numbers can be determined appropriately
in the numerical process. The ﬁrst integrals in the right-hand side
of Eqs. (72) and (73) can be computed numerically using Gauss-
Quadrature technique. The second integrals in the right-hand sides
of Eqs. (72) and (73) become negligible for sufﬁciently large values
of Aijði; j ¼ 1;2Þ (Dag, 2001). The third integrals in the right-hand
sides of Eqs. (72) and (73) are evaluated in closed form, the formu-
lae used to evaluate these integrals are given in Appendix B.
Similar to the temperature problem, the solution of Eq. (71) can
be expressed as
u1ðsÞ ¼
w1ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ; w1ðsÞ ¼
XN
n¼1
bnTnðsÞ;
u2ðsÞ ¼
w2ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ; w2ðsÞ ¼
XN
n¼1
cnTnðsÞ ð74Þ
By using the same collocation points, Eq. (71) and single-value
conditions (63) can be converted into a system of linear equations
of 2N  2N
XN
l¼1
v1
flsm
þH11ðsm;flÞ
 
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N
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N
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flsm
þH22ðsm;flÞ
 
w2ðflÞ
N
 
¼ 2p xT2ðsmÞ
ð75Þ
XN
l¼1
w1ðflÞ
N
¼ 0;
XN
l¼1
w2ðflÞ
N
¼ 0 ð76Þ
wherefl ¼ cos
2l 1
2N
p
 
; ðl ¼ 1; . . . ;NÞ;
sm ¼ cos mN p
 
; ðm ¼ 1; . . . ;N  1Þ ð77Þ
The stress intensity factors at the crack tips are deﬁned as
K Ið1Þ ¼ lim
x!1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx 1Þ
p
ryyðx;0Þ ¼ v22 u2ð1Þ
K Ið1Þ ¼ lim
x!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1 xÞ
p
ryyðx;0Þ ¼ v22 u2ð1Þ
K IIð1Þ ¼ lim
x!1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx 1Þ
p
rxyðx;0Þ ¼ v12 u1ð1Þ
K IIð1Þ ¼ lim
x!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ð1 xÞ
p
rxyðx;0Þ ¼ v12 u1ð1Þ
ð78Þ4. Numerical results and discussion
4.1. Temperature ﬁeld
The numerical results of the temperature distribution along the
crack surfaces and the extended line are analyzed.
To verify the validity of present procedure, ﬁrstly let us restrict
our attention to the dimensionless thermal resistance Bi in case of
Bi! 0 when a!1 and k10 ¼ 1. This thermal response problem
with a fully insulated interface crack between a graded isotropic
coating of ﬁnite thickness and a semi-inﬁnite homogeneous isotro-
pic substrate was investigated by El-Borgi et al. (2003). From Fig. 2,
it is observed that the present results are nearly coincident with
those of El-Borgi et al. The differences between two groups of re-
sults are associated with a choice of different numerical integration
technique and different number of collocation points.
Figs. 3 and4 showthe effects of dimensionless thermal resistance
Bi on the temperature distribution T1 x;0
þ =T0 and T2 x;0ð Þ=T0
T0 ¼ Q0c kð2Þy
. 
along the crack surfaces and the crack extended
line when d ¼ 1 or 1, a ¼ b ¼ 1 and k10 ¼ 2. It can be seen that
the temperature jump across the crack surfaces increases as the
dimensionless thermal resistance Bi decreases, i.e. the crack region
thermal resistance Rc Bi ¼ c kð1Þy ð0Þ
. .
Rc
 
increases.
Figs. 5 and 6 illustrate the effects of the thermal conductivity
parameter d on the temperature distribution T1 x;0
þ =T0 and
T2 x;0
ð Þ=T0 T0 ¼ Q0c kð2Þy
. 
along the crack surfaces and the crack
extended line when Bi ¼ 0:1 or 0:5, a ¼ b ¼ 1 and k10 ¼ 2. From
Fig. 6. Inﬂuences of the thermal conductivity parameter d on the normalized
temperatures T1 x;0
þ =T0 and T2 x;0ð Þ=T0 along the crack surfaces and the crack
extended line ðy ¼ 0Þ; Bi ¼ 0:5; a ¼ b ¼ 1; k10 ¼ 2.
Fig. 5. Inﬂuences of the thermal conductivity parameter d on the normalized
temperatures T1 x;0
þ =T0 and T2 x; 0ð Þ=T0 along the crack surfaces and the crack
extended line ðy ¼ 0Þ; Bi ¼ 0:1; a ¼ b ¼ 1; k10 ¼ 2.
Fig. 3. Inﬂuences of the dimensionless thermal resistance Bi on the normalized
temperatures T1 x;0
þ =T0 and T2 x; 0ð Þ=T0 along the crack surfaces and the crack
extended line ðy ¼ 0Þ; d ¼ 1; a ¼ b ¼ 1; k10 ¼ 2.
Fig. 4. Inﬂuences of the dimensionless thermal resistance Bi on the normalized
temperatures T1 x;0
þ =T0 and T2 x; 0ð Þ=T0 along the crack surfaces and the crack
extended line ðy ¼ 0Þ; d ¼ 1; a ¼ b ¼ 1; k10 ¼ 2.
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substrate on the normalized temperatures T1 x; 0
þ =T0 and T2 x; 0ð Þ=T0 along the
crack surfaces and the crack extended line ðy ¼ 0Þ; d ¼ 1; Bi ¼ 1; k10 ¼ 2.Figs. 5 and 6, it may be obtained that the temperature jump across
the crack surfaces decreases as increasing the absolute values of d.Fig. 7 depicts the effects of the thickness of the graded coating
and the homogeneous substrate on the temperature distribution
along the crack surfaces and the crack extended line when
d ¼ 1; Bi ¼ 0:1 and k10 ¼ 2. It may be obtained that the variation
of the thickness of the graded coating has an insigniﬁcant effect
on temperature jump across the crack surfaces when keeping the
total thickness of the coating-substrate structural constant.
4.2. Stress intensity factors
The orthotropy and nonhomogeneity parameters adopted for
the numerical calculations of normalized stress intensity factors
(SIFs) are shown in Table 1 (Ootao and Tanigawa, 2005). In Table
1, d is a nonhomogeneous parameter of the thermal conductivity,
c is a nonhomogeneous parameter of the coefﬁcient of the linear
thermal expansion, and b is a nonhomogeneous parameter of the
elastic stiffness constant, respectively. Eð2Þxx ; E
ð2Þ
yy are Young’s moduli
in dimensionless form for the homogeneous orthotropic substrate;
Gð2Þxy is the shear modulus in dimensionless form for the homoge-
neous orthotropic substrate; að2Þxx ; a
ð2Þ
yy are the coefﬁcients of the lin-
ear thermal expansion in dimensionless form for the homogeneous
orthotropic substrate; and k10 is deﬁned in Eq. (10).
Figs. 8–13 illustrate the effects of the stiffness parameter b and
Eð2Þxx (Case 1), the thermal expansion parameter c and a
ð2Þ
xx (Case 2)
Table 1
Orthotropy and nonhomogeneity parameters.
d c b Eð2Þxx E
ð2Þ
yy G
ð2Þ
xy a
ð2Þ
xx a
ð2Þ
yy
k10
Case 1 1 0 1 0.5 1 1 1 1 1
1 0 1 2 1 1 1 1 1
1 0 1 0.5 1 1 1 1 1
1 0 1 2 1 1 1 1 1
Case 2 1 1 0.01 1.01 1 1 0.5 1 1
1 1 0.01 1.01 1 1 2 1 1
1 1 0.01 1.01 1 1 0.5 1 1
1 1 0.01 1.01 1 1 2 1 1
Case 3 1 0 0.01 1.01 1 1 1 1 0.5
1 0 0.01 1.01 1 1 1 1 2
1 0 0.01 1.01 1 1 1 1 0.5
1 0 0.01 1.01 1 1 1 1 2
Fig. 8. Inﬂuences of the stiffness parameter b and Eð2Þxx on the normalized mode I
thermal stress intensity factor (Case 1).
Fig. 11. Inﬂuences of the thermal expansion parameter c and að2Þxx on the normalized
mode II thermal stress intensity factors (Case 2).
Fig. 12. Inﬂuences of the thermal conductivity parameter d and k10 on the
normalized mode I thermal stress intensity factor (Case 3).
Fig. 10. Inﬂuences of the thermal expansion parameter c and að2Þxx on the normalized
mode I thermal stress intensity factor (Case 2).
Fig. 9. Inﬂuences of the stiffness parameter b and Eð2Þxx on the normalized mode II
thermal stress intensity factor (Case 1).
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mode I and II normalized thermal stress intensity factors (SIFs)
ðK I;K IIÞ=K K ¼ E0Q0a0
ﬃﬃ
c
p
kð2Þy
. 
when a ¼ b ¼ 1. It is evident from
these ﬁgures that the absolute values of mode I and II normalized
thermal stress intensity factors (SIFs) decrease as the dimension-
less thermal resistance Bi increases, ie. the crack region thermal
resistance Rc Bi ¼ c kð1Þy ð0Þ
. .
Rc
 
decreases.Figs. 8 and 9 illustrate the effects of the stiffness parameter b
and Eð2Þxx (Case 1), on the mode I and II normalized thermal stress
Fig. 13. Inﬂuences of the thermal conductivity parameter d and k10 on the
normalized mode II thermal stress intensity factors (Case 3).
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ﬃﬃ
c
p
kð2Þy
. 
. The results
obtained in Fig. 8 show that the mode I thermal SIF decreases with
the increasing of the stiffness parameter b for either Eð2Þxx ¼
0:5 or Eð2Þxx ¼ 2; while increases with the increasing of Eð2Þxx for either
b ¼ 1 or b ¼ 1.
The results obtained in Fig. 9 show that the absolute values of
mode II thermal SIF increase with the increasing of the stiffness
parameter b when Eð2Þxx ¼ 0:5 < 1, decrease with the increasing of
the stiffness parameter b when Eð2Þxx ¼ 2 > 1; while increases with
the increasing of Eð2Þxx for either b ¼ 1 or b ¼ 1.
Figs. 10 and 11 illustrate the effects of the thermal expansion
parameter c and að2Þxx (Case 2) on the mode I and II normalized ther-
mal stress intensity factors (SIFs) ðK I;K IIÞ=K K ¼ E0Q0a0
ﬃﬃ
c
p
kð2Þy
. 
.
It may be obtained that increasing the values of the thermal expan-
sion parameter c tends to decrease the absolute values of both
mode I and mode II thermal SIFs; while increasing the values of
the parameter að2Þxx tends to increase the absolute values of both
mode I and mode II thermal SIFs.
Figs. 12 and 13 illustrate the effects of the thermal conductivity
parameter d and k10 (Case3) on themode I and II normalized thermal
stress intensity factors (SIFs) ðK I;K IIÞ=K K ¼ E0Q0a0
ﬃﬃ
c
p
kð2Þy
. 
. It
may be seen that the mode I thermal SIF increases with the increas-
ing of the conductivity parameter d for either k10 ¼ 0:5 or k10 ¼ 2;
while decreases with the increasing of E0xx for either d ¼ 1 or
d ¼ 1 fromFig. 12. The results obtained in Fig. 13 show that the abso-
lute values ofmode II thermal SIF increasewith the increasing of the
conductivity parameter d when k10 ¼ 0:5 < 1; while decrease with
the increasing of the conductivity parameter dwhen k10 ¼ 2 > 1.
5. Conclusions
In this paper, the thermal response problem of a graded ortho-
tropic coating bonded to a homogeneous orthotropic substrate
with a partially insulated interface crack under the heat ﬂux supply
is considered. The thermal resistance concept is introduced to de-
pict the temperature drop across the crack surfaces. Using the stan-
dard Fourier transforms the uncoupled heat conduction equation
and the plane elasticity equations are reduced to a system of singu-
lar integral equations. The asymptotic expressions with higher or-
der terms for the singular integral kernels are considered to
improve the convergence efﬁciency and the accuracy of the numer-
ical calculations. The singular integral equations are solved numer-
ically. A detailed parametric study is conducted to investigate the
inﬂuences of the orthotropy parameters, nonhomogeneity param-eters of the material thermo-elastic properties, and the dimension-
less thermal resistance on the temperature distribution and the
thermal stress intensity factors (SIFs).
Numerical results indicate the temperature jump across the
crack surfaces becomes more pronounced as the dimensionless
thermal resistance Bi decreases, i.e. the crack region thermal resis-
tance Rc increases. The amplitudes of both modes I and II SIFs
increase as Bi decreases and tend to zero. Hence, it is a conservative
approach to assume that the crack is fully insulated. The inﬂuences
of the material nonhomogeneity parameters and orthotropy
parameters on the temperature distribution and the thermal SIFs
can be quite signiﬁcant, the crack growth and the thermal fracture
behavior in the graded orthotropic media can be optimized by
adjusting the gradation proﬁles of the material properties.Acknowledgements
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A.1. Expression of quantities appearing in Eq. (27)
QðxÞ ¼ n2en2b  n1en1b
 
ek2a  ek1a 
þ k2ek1a  k1ek2a
 
en2
b  en1b
 
ðA:1ÞA.2. Expression of quantities appearing in Eq. (28)
Kðx; yÞ ¼
2k10 x  en1ben2y  en2ben1y
 
ek1a  ek2að Þ
QðxÞ 
2  Bi
x
ðA:2ÞA.3. Expressions of coefﬁcients of asymptotic expansion appearing in
Eq. (29)
að1Þ ¼ 2Biþ 1
4
d; að3Þ ¼  1
64  k10
d3; að5Þ ¼ 1
512  k210
d5 ðA:3Þ
að7Þ ¼  5
16384  k310
d7; að9Þ ¼ 7
131072  k410
d9;
að11Þ ¼  21
2097152  k510
d11 ðA:4Þ
að13Þ ¼ 33
16777216  k610
d13; að15Þ ¼  429
1073741824  k710
d15 ðA:5ÞA.4. Expressions of quantities appearing in Eq. (52)
sð1Þj ¼
ix½mj Cð2Þ12 þ Cð2Þ66
 
þ bCð2Þ12 
mjðmj þ bÞCð2Þ22 x2Cð2Þ66
ðj ¼ 1; . . . ;4Þ ðA:6Þ
Að1Þ1j ¼
ix ðcþnjÞðcþnjþbÞ hð2Þ2 C012hð2Þ1 Cð2Þ22
 
þCð2Þ66 x2hð2Þ1 þðcþnjþbÞ2hð2Þ2
h in o
Kð1Þj ðxÞ
ðA:7Þ
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x2 ðcþnjþbÞ hð2Þ1 Cð2Þ12 hð2Þ2 Cð2Þ11
 
þðcþnjÞCð2Þ66 x2hð2Þ1 þðcþnjþbÞ2hð2Þ2
h in o
Kð1Þj ðxÞ
ðj¼1;2Þ ðA:8Þ
in which
Kð1Þj ðxÞ ¼ Cð2Þ66 x4Cð2Þ11 þx2 ðcþ njÞ2 þ ðcþ nj þ bÞ2
h i
Cð2Þ12
n
þ cþ njÞ2ðcþ nj þ bÞ2Cð2Þ22
 o
þx2ðcþ njÞðcþ nj þ bÞ
 Cð2Þ12
 2
 Cð2Þ11 Cð2Þ22
 
ðj ¼ 1;2Þ ðA:9Þ
and
B11 ¼
hð2Þ2
d  Cð2Þ22
1
c
; B12 ¼ 
hð2Þ2
d  Cð2Þ22
1
c d ðA:10Þ1 1 1 1 1 1 1 1
s1 s2 s3 s4 s1 s2 s3 s4
r1 r2 r3 r4 r1 r2 r3 r4
p1 p2 p3 p4 p1 p2 p3 p4
0 0 0 0 r1em1a r2em2a r3em3a r4em4a
0 0 0 0 p1em1
a p2e
m2a p3e
m3a p4e
m4a
r1em1
b r2em2
b r3em3
b r4em4
b 0 0 0 0
p1e
m1b p2e
m2b p3e
m3b p4e
m4b 0 0 0 0
2
66666666666664
3
77777777777775
C1ðxÞ
C2ðxÞ
C3ðxÞ
C4ðxÞ
C5ðxÞ
C6ðxÞ
C7ðxÞ
C8ðxÞ
2
66666666666664
3
77777777777775
¼
G1 þ F1
G2 þ F2
G3
G4
G5
G6
G7
G8
2
66666666666664
3
77777777777775
ðA:17ÞA.5. Expressions of quantities appearing in Eq. (56)
sð2Þj ¼
i x  gj Cð2Þ12 þ Cð2Þ66
 
ðgjÞ2Cð2Þ22 x2Cð2Þ66
ðj ¼ 1; . . . ;4Þ ðA:11Þ
and
Að2Þ1j ¼
ix ðkjÞ2 hð2Þ2 Cð2Þ12  hð2Þ1 Cð2Þ22
 
þ C066 x2hð2Þ1 þ ðkjÞ2hð2Þ2
h in o
Kð2Þj ðxÞ
ðA:12Þ
Að2Þ2j ¼
x2 kj hð2Þ1 C
ð2Þ
12  hð2Þ2 Cð2Þ11
 
þ kjCð2Þ66 ½x2hð2Þ1 þðkjÞ2hð2Þ2 
n o
Kð2Þj ðxÞ
ðj¼ 1;2Þ
ðA:13Þ
where
Kð2Þj ðxÞ ¼ Cð2Þ66 x4Cð2Þ11 þ 2x2ðkjÞ2Cð2Þ12 þ ðkjÞ4Cð2Þ22
h i
þx2ðkjÞ2 Cð2Þ12
 2
 Cð2Þ11 Cð2Þ22
 
ðj ¼ 1;2Þ ðA:14ÞA.6. Expressions of quantities appearing in Eq. (60)
pð1Þj ¼ ixCð2Þ12 þ sð1Þj mjCð2Þ22 ðj ¼ 1; . . . ;4Þ
qð1Þj ¼ ixAð1Þ1j Cð2Þ12 þ Að1Þ2j ðcþ njÞCð2Þ22  hð2Þ2 ðj ¼ 1;2Þ
rð1Þj ¼ mj  ixsð1Þj
 
Cð2Þ66 ðj ¼ 1; . . . ;4Þ
tð1Þj ¼ Að1Þ1j ðcþ njÞ  ixAð1Þ2j
h i
Cð2Þ66 ðj ¼ 1; . . . ;4Þ
ðA:15ÞA.7. Expressions of quantities appearing in Eq. (61)
pð2Þj ¼ ixCð2Þ12 þ sð2Þj gjCð2Þ22 ðj ¼ 1; . . . ;4Þ
qð2Þj ¼ ixAð2Þ1j Cð2Þ12 þ Að2Þ2j ðcþ kjÞCð2Þ22  hð2Þ2 ðj ¼ 1;2Þ
rð2Þj ¼ gj  ixsð2Þj
 
Cð2Þ66 ðj ¼ 1; . . . ;4Þ
tð2Þj ¼ ½Að2Þ1j ðcþ kjÞ  ixAð2Þ2j Cð2Þ66 ðj ¼ 1;2Þ
ðA:16ÞA.8. Expressions of quantities appearing in Eq. (64)
In expression (64), D is the determinant and Dij is the sub-deter-
minant of the coefﬁcient matrix in the following system:where
G1 ¼ 
X2
j¼1
Að1Þ1j Aj  Að2Þ1j Bj
 
; G2 ¼ 
X2
j¼1
Að1Þ2j Aj  Að2Þ2j Bj
 
ðA:18Þ
G3 ¼ 
X2
j¼1
tð1Þj Aj  tð2Þj Bj
 
; G4 ¼ 
X2
j¼1
qð1Þj Aj  qð2Þj Bj
 
ðA:19Þ
G5 ¼ 
X2
j¼1
tð2Þj Bje
ðcþkjÞa; G6 ¼ 
X2
j¼1
qð2Þj Bje
ðcþkjÞa ðA:20Þ
G7 ¼ 
X2
j¼1
tð1Þj Aje
ðcþnjÞb; G8 ¼ 
X2
j¼1
qð1Þj Aje
ðcþnjÞb ðA:21ÞA.9. Expressions of quantities appearing in Eq. (67)
K11ðx;yÞ¼ 2x r
ð2Þ
1
D15
D
eg1yþ rð2Þ2
D16
D
eg2y rð2Þ3
D17
D
eg3yþ rð2Þ4
D18
D
eg4y
 
ðA:22Þ
K12ðx;yÞ¼2ix r
ð2Þ
1
D25
D
eg1yþ rð2Þ2
D26
D
eg2y rð2Þ3
D27
D
eg3yþ rð2Þ4
D28
D
eg4y
 
ðA:23Þ
K21ðx;yÞ¼2ix p
ð2Þ
1
D15
D
eg1ypð2Þ2
D16
D
eg2yþpð2Þ3
D17
D
eg3ypð2Þ4
D18
D
eg4y
 
ðA:24Þ
K22ðx;yÞ¼ 2x p
ð2Þ
1
D25
D
eg1ypð2Þ2
D26
D
eg2yþpð2Þ3
D27
D
eg3ypð2Þ4
D28
D
eg4y
 
ðA:25Þ
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To evaluate the third integrals in closed form (Dag, 2001) in the
right-hand side of Eqs. (32), (72) and (73), we would compute fol-
lowing integrals:
CnðA; tÞ ¼
Z 1
A
1
xn
cosðx  tÞdx; n ¼ 1;2; . . . ;N ðB:1Þ
SnðA; tÞ ¼
Z 1
A
1
xn
sinðx  tÞdx; n ¼ 1;2; . . . ;N ðB:2Þ
For the case n ¼ 1, following results can be obtained:
C1ðA; tÞ ¼ CiðAjtjÞ; n ¼ 1;2; . . . ;N ðB:3Þ
S1ðA; tÞ ¼ signðtÞ p2  SiðAjtjÞ
 
; n ¼ 1;2; . . . ;N ðB:4Þ
where CiðÞ and SiðÞ are deﬁned as
CiðtÞ ¼ c0 þ InðtÞ þ
Z t
0
cosa 1
a
da ðB:5Þ
SiðtÞ ¼
Z t
0
sina
a
da; n ¼ 1;2; . . . ;N ðB:6Þ
For the case n > 1, integrals (B.1) and (B.2) can be evaluated by fol-
lowing recursive relations:
CnðA; tÞ ¼  11 n
cosðA  tÞ
An1
þ t
1 n Sn1ðA; tÞ; n > 1 ðB:7Þ
SnðA; tÞ ¼  11 n
sinðA  tÞ
An1
 t
1 nCn1ðA; tÞ; n > 1 ðB:8Þ
Following formulae also used in the integration of asymptotic
expressions:Z 1
0
sinðx  aÞ
x
dx ¼ p
2
signðaÞ; n ¼ 1;2; . . . ;N: ðB:9ÞReferences
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